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Abstract. We show that a simple separable unital nuclear nonelementary C*-algebra 
whose tracial state space has a compact extreme boundary with finite covering dimen- 
sion admits uniformly tracially large order zero maps from matrix algebras into its central 
sequence algebra. As a consequence, strict comparison implies instability for these algebras. 

o' 

<D ■ 1. Introduction 

on; 

The theme of tensorial absorption is prominent in the theory of operator algebras, particu- 
larly where the classification of these algebras is concerned. An important step in Connes' 
proof that the hyperfinite Hi factor 1Z is the unique injective Hi factor with separable predual 
exemplifies this theme: such a factor, say Ai, has the property that M.®1Z = M.. Another 
example arises in the theory of Kirchberg algebras, where the fact, due to Kirchberg, that 
such algebras absorb the Cuntz algebra Ooo tensorially (see [11] ) plays a key role in their 
eventual classification via K-theory. For general nuclear separable C*-algebras, the best ten- 
sorial absorption theorem that one can hope for is absorption of the Jiang-Su algebra Z 
(^-stability), ^-stability is a powerful tool for the classification of simple nuclear separable 
C*-algebras, but is generally difficult to establish. The property of strict comparison, on 
the other hand, is often easier to verify. Examples show that both properties, although by 
no means automatic, often occur at the same time, and are closely related to finite topo- 
logical dimension. These and other considerations led the first and third named authors to 
CO \ conjecture the following connections between regularity properties for C*-algebras: 



(N 



^ ■ Conjecture 1.1. Let A be a simple nuclear separable unital infinite- dimensional C* -algebra. 

CN . The following conditions are equivalent: 

(1) A has finite nuclear dimension; 

(2) A is Z-stable; 

^ 1 (3) A has strict comparison. 

H\ 

The implications (1) ==>- (2) and (2) ==>■ (3) have been established by the third named author 
and R0rdam, respectively (see [25] and [20]). The reversal of either of these implications is 
at present only partial; proving (3) ==>■ (2) becomes accessible if one additionally assumes 
certain local approximation and divisibility properties [25J but at least the former assumption 
should ultimately be unnecessary. In a recent breakthrough, Matui and Sato lifted the local 
approximation hypothesis, establishing (3) =>• (2) for algebras with finitely many extremal 
tracial states \17\ . Subsequently it has been an urgent task to remove this restriction on 
the tracial state space and in this article we extend their result to algebras whose extremal 
tracial boundary is compact and of finite covering dimension. The problem has received 
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substantial attention; this result has also been discovered by Kirchberg and R0rdam [12J and 
Sato [23]. 

A word on the idea of our proof is in order, as the details are necessarily technical. A loose 
but in our case profitable way of thinking of a simple unital separable nuclear C*-algebra A 
with nonempty tracial state space is as a collection of everywhere nonzero "sections", where 
A is viewed as a kind of noncommutative bundle over its space T(A) of tracial states. For a 
classical topological vector bundle £ over a space X we have the property of local triviality: 
restriction of the bundle to a sufficiently small neighborhood is a Cartesian product of the 
neighbourhood with a (complex) vector space having the same rank as £. The complexity 
of £ is generated by the way in which these local trivialisations are patched together. The 
analog of local trivialisation in our case comes from approximately central order zero maps 
with finite-dimensional domain which are large in a small open neighbourhood in T(A). 
Our objective is to construct an approximately central order zero map which is globally 
large over T(A), and so we look to glue together the maps which work locally. To do this 
we use nuclearity, and in particular the existence of approximate diagonals, to prove that 
there exist positive approximately central contractions in A which, at the level of traces, 
represent indicator functions for open subsets of the extreme tracial boundary. Indeed, any 
continuous strictly positive affine function on T(A) is uniformly realised by positive elements 
in an approximately central manner (Lemma 13. 3D . Using suitable functions arising from open 
covers of d e T(A) we can patch together the local trivialisations to arrive at an order zero 
map which is uniformly bounded away from zero in trace. The bound we obtain depends on 
the covering dimension of d e T(A) and it is here where finite dimensionality arises. 

Throughout the entire paper we work with central sequence algebras. The importance of 
these to tensorial absorption results dates back to McDuff's characterisation of separably 
acting Hi factors which absorb the hyperfinite Hi factor |18| . In the C*-setting central 
sequence algebras are intimately connected with with properties of stablity under tensoring 
by Coo and Z, [TO]. 

The hypothesis of a compact extreme tracial boundary with finite covering dimension 
arose in [4], where it was shown that for a simple algebra with strict comparison satisfying 
the said hypothesis, the Cuntz semigroup is almost divisible. The main result in this paper 
can be viewed as a proof that this almost divisibility can occur in an almost central manner. 

Our paper is organised as follows. In Section [2] we introduce notation and review the rele- 
vant background from [T7]. The main technical result (Lemma 13. 5j) is established in Section 
[31 and we show how the case of zero dimensional compact extreme tracial boundaries follows 
directly from this lemma. In the fourth and last section we extend to higher dimensional 
boundaries. Our method for doing this differs from those in [T2J 123] as we marry the ideas 
needed to extend [T7] to the zero dimensional compact extremal case with the geometric 
sequence arguments developed by the third named author in [24, 25J. 



2. Uniformly tracially large order zero maps 

Recall that a completely positive (cp) map <fi : A — > B between C*-algebras is said to be 
order zero if it preserves orthogonality, i.e. if e, / G A + have ef = 0, then <f)(e)<f)(f) = 0. 
The structure theory of these maps is developed in [20], which in particular establishes 
a functional calculus. Given a completely positive and contractive (cpc) order zero map 
: A — >■ B, and a positive contractive function / G Cq(0, 1], there exists a cpc order zero 
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map f(<p) : A — >• B. For projections p G A, this map satisfies 

(2.1) m(p) = f(d>(p))- 

Secondly, given a cpc order zero map A — >■ B and a tracial state r : Z? — > C, the composition 
r o defines a positive tracial functional on A, [26j Corollary 4.4]. The other key fact we 
need is that order zero maps with finite dimensional domains are projective in the sense of 
Lemma 12.11 below. This follows from the duality between order zero maps with domain A 
and *-homomorphisms from the cone C(A) = Cq(0, 1] <g> A (see [26]) and Loring's projectivity 
of cones over finite dimensional C*-algebras |15| . 

Lemma 2.1. Let A,B,F be C* -algebras with F finite dimensional and let q : A -» B a 

surjective * -homomorphism. Given a cpc order zero map <ft : F — )■ B, there exists a cpc order 
zero map <fi : F — >■ A with q o = 0. 

Given a C*-algebra A, we denote the quotient C*-algebra £°°(A)/cq(A) by A^ and refer 
to this as the sequence algebra of A. We have a natural *-homomorphism from A into £°°(A) 
obtained by regarding each element of A as a constant sequence in £°°(A). Following this 
with the quotient map from £°°(A) into A^, we obtain an embedding A > Aoo, and we use 
this to regard A as a C*-subalgebra of A^ henceforth. In this way we can form the relative 
commutant A^ fl A', which is referred to as the central sequence algebra of A. A bounded 
sequence (x n )™ =1 in A is said to be central if its image in ^4oo lies in fl A'. 

We write T(A) for the tracial state space of A. Given a sequence (T n )™ =1 in T(A) and a 
free ultrafilter oj G /3N \ N, the trace 

On)^Li i-> lim r n (x n ) 

on induces a trace on A^. We write T^A) for the collection of all traces on A^ 

arising in this fashion. When r n = r G T(A) for all n, we write r w for the resulting trace in 
Tqo (A). We use the traces in T^A) to define uniformly tracially large order zero maps into 

Aoo- 

Definition 2.2. Let A be a separable unital C*-algebra with T(A) ^ 0. A completely posi- 
tive and contractive order zero map $ : Mk — > A^ is uniformly tracially large if r($(lfc)) = 1 
for all r G ^ (A). 

By Lemma [2. 1[ every cpc order zero map Mk — > lifts to a cpc order zero map — >• 
£°°(y4) which consists of a sequence of cpc order zero maps Mk — > A. We can rephrase the 
uniformly tracially large condition in terms of these liftings and traces on A. Indeed, the 
definition of T^A) is designed to make it easy to manipulate conditions of the form (|2.2|) . 

Lemma 2.3. Let A be a separable unital C*-algebra with T(A) ^ 0. Let $ : Mk — » Ax> 
be a cpc order zero map. Then $ is uniformly tracially large if and only if any lifting 
(4> n ) : Mk — > £°°(A) o/$ to a sequence of cpc order zero maps satisfies 

(2.2) lim min r(0 n (l fc )) = 1. 

n->oo T eT(A) 

Proof. That f)2.2p implies that $ is uniformly tracially large is immediate. For the converse, 
suppose $ : Mk — > A^ is a uniformly tracially large cpc order zero map but (12.21) fails for 
some lifting (0 n ). Then, there exists e > 0, an increasing sequence {m„}™ =1 in N and traces 
T n G T(A) such that r n (0 mn (lfc)) < 1 — e for all n G N. Given a free ultrafilter w, the 
map p : [(i ft )™ =1 ] ^ lim n ^ r n (x mn ) defines a trace in T^A), which has p($(l fc )) < 1 - e, 
contrary to hypothesis. □ 
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Remark 2.4. In a similar vein, for a fixed trace r G T(A) a cpc order zero map $ : M k — > 
has r w ($(lfc)) = 1 for all u G /3N \ N if and only if any lifting (<j) n ) n of $ to a sequence of 
cpc order zero maps M k — > A has lim^oo r(0 n (lfc)) = 1. 

Via functional calculus and a standard central sequence technique, uniformly tracially 
large cpc order zero maps M k — > A^ D A' give rise to the maps produced by [T71 Lemma 
3.3]. 

Lemma 2.5. Let A be a separable unital C* -algebra with T(A) ^ 0. Suppose that there exists 
a uniformly tracially large cpc order zero map $ : M k — > A^ D A' . Then the conclusion of 
[TT1 Lemma 3.3] holds for A. That is there exists a cpc order zero map \1/ : M k — > A^ fl A' 
and a central sequence (cn)^^ of positive contractions in A such that 

(2.3) lira max |r(C) - l/k\ = 

n->oo reT(A) 

/or any m G N and \l/(e) = [(c n )^ =1 ] /or some minimal projection e G M^. 

Proof. We need to produce a cpc order zero map \1/ : M k — > A^nA' such that r(\l/ m (lfc)) = 1 
for each m G N and r G T oc (A). Given such a map, fix a minimal projection e G and 
take a lifting (VvJ^i of ^ to a sequence of cpc order zero maps from M k to A. We can then 
set c n = ip n {e), so that (c™)^^ is a central sequence. For each m G N we have 

lim min r(C(U)) = l 

n-+oo t£T(A) 

by Lemma [2.3[ For each m,n 6N and r G T(A), the map t(V>^(-)) is a trace on ([26, 
Corollary 4.4]), so r(c™) = r(ij)™(l k ))/k. Hence O holds. 

To construct ^ fix a uniformly tracially large cpc order zero map $ : M k — > A^ fl A'. 
Then, for each m G N, the map $ 1//m : — >■ fl A' is a cpc order zero map. Lift each 



x 



\oo 
rj r =l 



to a sequence )^L\ of cpc order zero maps M k — )■ A. Fix a dense sequence 
in A and for each s G N, we can find r s sufficiently large such that: 

• H^n),^]!! < i||y||, for all y e M k and % G {l,...,s}; 

• r(0«(l fc ) s )>l-i, for all TGT(A). 

To obtain the second condition, note that ((0n^) s )£Li is a lifting of $ and apply Lemma 
I2T31 The order zero map ^ : M k A^ <T\ A' induced by {4> { r})T=i has r(^ m (l fc )) = 1 for all 
m G N and r G T 00 (A), as required. □ 

The main result (Theorem 1.1) of [T7] shows that for a simple separable unital nuclear 
nonelementary C*-algebra A with finitely many extremal traces and T(A) ^ 0, the following 
properties are equivalent: 

(i) A is 2-stable; 

(ii) A has strict comparison; 

(iii) every completely positive map from A to A can be excised in small central sequences 
(see [T7] Definition 2.1] for the definition of this concept); 

(iv) A has property (SI) as defined in [21] Definition 3.3] (see [16, Definition 4.1] for the 
equivalent formulation used in |17|). 

The implication (i) ==>- (ii) is due to R0rdam [20J and holds only assuming that A is unital, 
separable, simple and exact. The implication (iii) ==>- (iv) is immediate from the definitions. 
The proof of the remaining implications (ii) ==>- (iii) and (iv) ==>- (i) is valid for any unital 
simple separable nuclear C*-algebra with T(A) ^ for which the conclusion of [TTt Lemma 
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3.3] holds as this is the only place where the extremal trace hypothesis enters play. For 
the implication (ii) =>■ (iii) this is set out explicitly in the proof of [TTt Theorem 4.2], and 
the proof of (iv) ==>■ (i) is readily seen to be a direct argument from property (SI) and the 
conclusion of [T7j Lemma 3.3]. Using Lemma [2.51 we can formulate this result as follows. 

Theorem 2.6 (Matui-Sato). Let A be a simple separable unital nuclear C* -algebra with 
strict comparison. Suppose that for each k > 2, A admits uniformly tracially large cpc order 
zero maps Mk — > Aoo D A' . Then A is Z-stable. 

We now turn to amenability and Matui-Sato's construction of uniformly tracially large 
order zero maps for simple separable unital C*-algebras with finitely many extremal traces. 
Recall that in [6J, Haagerup showed that nuclear C*-algebras are amenable in the sense of 
[9]. Moreover |6] Theorem 3.1] gives additional information on the location of a virtual 
diagonal witnessing amenability ([HI Theorem 3.1]). Combining this with Johnson's Hahn- 
Banach argument for extraction of an approximate diagonal from a virtual diagonal (jU 
Lemma 1.2]) gives Lemma 12 .7[ which is used in the proof of Sato's lemma below, as well as 
the construction of central sequences of positive elements with specified tracial behaviour in 
Section [3j 

Lemma 2.7 (Haagerup). Let A be a unital nuclear C* -algebra. Then for any finite subset T 
of A and t] > 0, there exists r e N, contractions ax, . . . , a r & A and positive reals Ai, . . . , A r 
with YH=i = 1 such that: 

(1) II Ej=i-Wj - 1|| < v; 

( 2 ) II Ya=1 \( xa i ® a i - a i ® a i x )\\A®A < V f° r al1 X e 

where A® A is the projective tensor product. 

Let iV C B(Jl) be a von Neumann algebra acting on a separable Hilbert space H. We 
define N°° to be the quotient C*-algebra £°°(N)/J, where J denotes the norm-closed two 
sided ideal of all strong*-null sequences in £°°(N). Just as in the norm-closed setting, we 
can embed N as a subalgebra of constant sequences in N°° and so obtain the strong*-central 
sequence algebra iV°° PI N'. With this notation we can now state the following result, which 
has been generalised to the nonnuclear setting in [12J. 

Lemma 2.8 (Sato, [22, Lemma 2.1]). Let A be a separable unital nuclear C* -algebra. Suppose 
that A C B(7i) is a faithful unital representation of A on a separable Hilbert space and write 
N = A" . Then the natural * -homomorphism 

Aoo ni'-> N°° n n' 

is surjective. 

Sato's lemma is the key ingredient in [171 Lemma 3.3], which obtains uniformly tracially 
large order zero maps when A is separable, simple, unital and nuclear with finitely many 
extremal traces. For use in Section [31 we show how to deduce this from the previous lemma 
using projectivity of order zero maps in the context of a fixed extremal trace. When A 
has only finitely many extremal traces, a similar argument using the trace obtained from 
averaging the extremal traces can be used to prove [TTt Lemma 3.3]. Recall that a Hi factor 
iV is said to be McDuff if it absorbs the hyperfinite Hi factor R tensorially, i.e. N = N <g> R. 
Every McDuff factor iV has an abundance of centralising sequences: for each k > 2, factorise 
iV = N (g) R and by regarding R as the weak closure of the UHF-algebra we can consider 
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the sequence of n-th tensor factor embeddings M k — > M k °o to obtain a unital embedding 
M k -> N°° n N'. 

Lemma 2.9 (cf. [T7| Lemma 3.3]). Let A be a simple separable unital nuclear nonelementary 
C* -algebra and let r be an extremal tracial state on A. For k > 2, there exists a cpc order 
zero map $ : M k H A' with r w ($(l fc )) = 1 for all u G /3N \ N. 

Proof. Fix k > 2. Let tt t denote the GNS-representation associated to r. As r is an 
extremal trace, and A is nuclear it follows that tt t (A)" = N is an injective Hi factor. By 
Connes' theorem (2J Theorem 5.1], N is McDuff. As such, there is a unital embedding 
l : M k <^-> N°° fl N'. By Lemma [2.81 and the projectivity of order zero maps (Lemma I2.ip . 
there exists an order zero map $ : M k —> ^oo H A' lifting i. For each u> G /3N \ N, the trace 
Tu given by r w ((i n )~ =1 ) = lim n ^ w r(x n ) is well defined on X°° and has r w (A(lfc)) = 1. Hence 
r w ($(l fc )) = r w (t(l fc )) = 1. □ 

Remark 2.10. Note that the map $ of Lemma 12. 9 1 already has r tJ ($ m (lfc)) = 1 for all m G N 
and uj G /3N \ N. We do not have to run the argument of Lemma 12.51 to obtain this here. 

3. Approximately central functions on the trace space 

Recall that the tracial state space T(A) of a separable unital C*-algebra is a compact (in the 
weak*-topology) convex subset of the state space of A, and so the Krein-Milman theorem 
shows that T(A) is the closed convex hull of its extreme points d e T(A). Further, T(A) forms 
a metrisable Choquet simplex: every point of T(A) is the barycentre of a unique measure 
supported on d e T(A), [TJ. If additionally d e T(A) is compact, then T(A) is known as a Bauer 
simplex. In this case we have a natural identification of A&(T(A)) = {/ : T(A) — > K. | 
/ is continuous and afline} with C^(d e T(A)) given by restriction (see [5j). Our objective in 
this section is Lemma 13.51 which enables us to produce a finite collection of cpc order zero 
maps with large sum when T(A) has compact extreme boundary of finite covering dimension. 

The covering dimension of a compact Hausdorff space X can be defined in a number 
of equivalent fashions (see |19]). We use the colouring formulation as follows. For m G 
{0, 1, . . . , }, say that dimX < m if and only if every finite open cover U of X admits an 
(m + l)-colourable refinement V: that is V is an open cover of X with the property that 
every V G V is contained in some element of U (i.e. V refines U) and there exists a function 
c : V -> {0, 1, . . . , m} such that if V, V G V have c(V) = c(V), then V n V = (i.e. V can 
be (m + l)-coloured, in that each element of V can be assigned a colour such that two sets 
of the same colour are disjoint). We need a slight strengthening so that the sets in V form 
a closed cover of X. This is well known, but we include a proof for completeness. 

Lemma 3.1. Let X be a compact Hausdorff topological space with dim(X) < m. Then for 
each finite open cover U of X , there exists a finite cover V consisting of closed sets refining 
U such that there is an (m + l)-colouring c : V — > {0, 1, . . . , m} of V with the property that 
if V, V G V have c(V) = c(V), then V D V = 0. 

Proof. Given a finite open cover W of X, we can find an open cover V refining U which is 
(m + 1) colourable. Construct a partition of unity (fv)vev subordinate to V, i.e. < fy < 1 
for all V, Ylvev fv{ x ) — 1 f° r all x G X and the support of each fy is contained in V. Let 
V be the collection of the supports of the fy. This consists of closed sets, and refines V so 
is (m + l)-colourable. As every point x G X lies in the support of some fy it follows that V 
covers X. □ 
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The following lemma of Lin ([H], based on work of Cuntz and Pedersen [3]) enables us to 
realise strictly positive elements of Aff(T(^4)) via positive elements of A. 

Lemma 3.2 (Lin [HI Theorem 9.3], following Cuntz, Pedersen [3]). Let A be a simple unital 
C* -algebra with non-empty tracial state space and let f G AS(T(A)) be strictly positive. Then 
for any e > 0, there exists x G A + with /(r) = t(x) for all t G T(A) and \\x\\ < \\f\\ + e. 

Given any positive contraction e in a nuclear C*-algebra A we can apply Haagerup's 
approximate diagonal to e to produce a central sequence of positive contractions which has 
the same tracial behaviour as e. In particular, we can witness strictly positive elements of 
AS(T(A)) via central sequences of positive contractions. 

Lemma 3.3. Let A be a simple separable unital nuclear C*- algebra with a non-empty trace 
space and let f be a positive affine continuous function on T(A) with \\f\\ < 1. Then there 
exists (e n ) G A^ R A' consisting of positive contractions in A with 



(3.1) lim sup \r(e n )-f(T)\ = 0. 

Proof. Define a sequence (/ n )J£Li of continuous affine strictly positive functions on T(A) by 
defining 



for r G T(A). By construction each f n is strictly positive and has ||/ n || < 1 — ^- and 
\fn( T ) — f( T )\ — f°r all r G T(A). For each n G N, take e = in Lemma [3.21 to obtain 
x n G A + with < 1 such that r(x n ) = f n { T ) for all r G T(A). By Haagerup's theorem 

(Lemma 12 .7p . we can find an approximate diagonal (X^li ^i a i ® a !"' ) *)^i in A A such 
that each ||a^ n ' ) || < 1 and A$ are positive reals with Y^i=i = 1 f° r & H ra an( l 



L (i) „(")„(") ! 



n— >oo „ 



(3.2) JAJW*-! 

i=l 

(3.3) J] A * w&G S n) ® G * (n) * - E A ^ n) ® G * w * 6 



i=l 

^ n, In 

->• 0, 6 G A. 

«=1 i=l 



Define e n = Y^iLi ^i a i x n a i*- These are positive contractions in A. For each n G N, 
the map y®z^- yx n z is contractive with respect to the projective tensor norm, so condition 
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( 13. 3 p ensures that (e n ) is a central sequence. For r G we estimate 



< r 



< 



i=l 

i=l 
i=l 

1=1 



(n) (n)* (n) 



(n) (n) „ 



(n) (n) (n)* 



1=1 



Then (13. ip follows from this estimate, (I3.2p and the fact that |/( 
r G T(A). 



t) - r(x n )\ < J for all 

□ 



The next lemma enables us to convert central sequences which are tracially orthogonal to 
norm orthogonal sequences. The argument has its origins in Kishimoto's work [13], and our 
proof is based on [17] Lemma 3.2]. 

Lemma 3.4. Let A be a separable unital C* -algebra with non-empty trace space T(A). Let 
T C T(A) be non-empty and suppose (e£ )™ =l7 . . . , (en )^ = \ are sequences of positive con- 
tractions in A + representing elements of A^ fl A 1 such that 



(3.4) 



hm sup|r(e«eg'>)| = 0, 

rwoo reTo 



Then there exist positive elements e"i < &n so that: 
(i) (% )« represents an element of A^ fl A'; 
(ii) lim^oo sup TgTb |r(e^ - e$)\ = for all I; 
(in) (ek°) n 1 (eg ),, m A^ n A' /or Z ^ 

Proof. For each / G {1, . . . , L] and n G N define 

ff? = (eS?) 1/a (E e 2' ) )( e S > ) 1 



1/2 



so (grP)'^Li is a central sequence for each I. The hypothesis (13.41) gives 

sup r(<a < £ sup r(e« e (0) ^ 0. 
reT ^ rer(A) 

For r G N, define the continuous function / r : [0, oo) — > [0,1] by f r (t) = min(l, rt) and 
note that 

inf (1 - f(t))t < 1/r. 
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For I G {1, . . . , L} and n, r G N, define positive contractions by 

41 = (e?) 1/2 (1 - MS?)) (e«) 1/2 - 



These satisfy Xn,r < e™' 1 and for each I and r, the sequence (xn,r)5?Li represents an element 
of n A'. 

For each sGN and I G {1, . . . , L}, we have 



,(0 



,(0 



snpr((^) s )<||^)|r- 1 sup r(^) ™0. 



,(0 S "~' N 

tGTq reT(A) 

By choosing suitable polynomial approximations to f r (t) on [0,L — 1], it follows that 

,(0W2 f (Jlh(Jl)\l/2\ < |U(/)|| onlT ,^f f„(0^ n - > °° 



(3.5) sup r^e. 



(0 _ T (0 1 



sup r((e^) i/ V,(^)(e^) i/2 ) < Il4°ll ™P r(/ r ^)) ™ 0, 



for each / G {1, . . . , L} and r G N. 

For each I, we compute exactly as in [T71 Lemma 3.2], to obtain 

T (0 ( T (l')\2 T (l) 



r (O r (0 

^n.r n,r 



< 



(?) \ T (0 



(3.6) 



i°) 1/2 (1 " (e^) 1/2 (E40 (e " ))V2 ( X " MS>)) (4°) 1/2 

= ||(a V2 (Wrfoff))**? (Wrfoff)) (e«) 1/2 || 

< ||(1 - /r-C^ ))^ !! < lA, 

for every n, r G N and V ^ I. 

Fix a countable dense sequence (y s ) c £ =l in A. For each r G N, use (13. 5p and the fact that 

for each I G {1, . . . , L}, (xn,r)^ = \ is a central sequence to obtain N r G N such that 

• llta&yJH <l/rfor 5 6{l,...,r}; 

• sup TgTo r(e ( h > - x%r) < l/ r 

for n > N r . We may assume that N r < N r+ i for all r. Set iVo = 0. For n G N, let r n G N 

The two 

□ 



2(0 



X 



(I) 



be such that N Tn < n < N r . n+1 so that r n — > oo as n — >• oo and define % 
conditions above give conditions fll]) and ([II]), while (lull) is a consequence of ( 13. 6p . 



We are now in position to give the main technical lemma which is already enough to 
handle the 0-dimensional compact extreme boundary case. 

Lemma 3.5. Let m > 0, k > 2 and let A be a simple separable unital nuclear nonelementary 
C* -algebra with T(A) ^ such that d e T(A) is compact with dim(d e T(A)) < m. Then for 
each finite set T C A and e > 0, there exist cpc order zero maps <f>(°\ . ■ . , : Mfc — > A 
such that 



(3.7) 



[<l>®(x),y)\\<e\\xl 



for all i G {0, . . . , m}, x G M^, y G T and such that for each r G d e T(A), there exists 
i(r) G {0, . . . , m} such that r(0« T » (l k )) > 1 - e. 
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Proof. Fix k > 2, a finite subset J 7 G A and e > 0. For each r £ d e T(A), use Lemma [2.91 to 
provide a cpc order zero map $ r : — >■ D A' with r w ($(l^)) = 1 for all u £ /3N \ N. 
By Remark 12.41 we can go sufficiently far down a sequence of cpc order zero maps from 
into A which lift <3> T to find a cpc order zero map <f) T : — > A with r(0 r (lfc)) > 1 — s and 

(3.8) \\[<t>T{x),y)\\ <e|WI, 

for all x £ Mfc, y £ J 7 , r £ <9 e T(A). Define an open neighbourhood of r in <9 e T(A) by {7 r = 
{p £ d e T(A) : p(0 r (l fc )) > 1 — e}. Then <9 e T(v4) = U T e0 e T(A) so by compactness there 

exist Ti, . . . ,tl £ <9 e T(A) such that d e T(A) = Uz=i As dim(<9 e T(74)) < m, Lemma [3.1 1 
gives a finite cover V of d e T(A) consisting of closed sets such that V refines U = {U T1 , . . . , U TL } 
and a colouring c : V — >• {0, 1, . . . , m} such that if c(V) = c(V), then V and V' are disjoint. 
For each i £ {0, . . . ,m}, write V (i) = c _1 ({i}) = {V^\ . . . , V^}. 

Fix i £ {0, . . . , m}. For each j = 0, . . . , Li, choose a continuous function : d e T(A) — » 
[0, 1] on <9 e T(v4) with /j^ = 1 on Vj and /. = on UjYj ^y' ■ This is possible as elements 
of are pairwise disjoint closed subsets of d e T(A). As c? e T(A) is compact, we can extend 
/. to a continuous affine function on T(A) also denoted fj % \ Now apply Lemma 13.31 to 
obtain central sequences (en'^)^L 1 of positive contractions such that 

lim sup | T ( e P)-/f(r)| = 0, 

for each j = 1, . . . , L^. Thus 

(3.9) lim inf r(e^ j) ) = 1, lim sup r(e^ j) ) = 0. 

n^oo reV « < ^°° TeU . v .K« 

By construction 

lim sup r(ePe£' J ">) = 
reUfl: v s (i) 

for all j 7^ / in {1, . . . , Lj}. Therefore we can apply Lemma 13.41 with T = Us=i ^« to 
obtain central sequences (e"n of positive contractions with en' 5 < % , 

(3.10) lim He^ei^ll =° 
for j ^ j' and 

(3.11) lim sup r(e^' ) - e^ j) ) = 0, 

for j £ { 1 , . . . , Li } . In this way ( 13. 9ft and ( 13. lip give 

(3.12) lim inf r(e n ij ' ) ) = 1. 



For i £ {0, . . . , m} and j £ {1, . . . , Lj}, there exists Z(z, j) £ {1, . . . , L} such that C 
U Tl( ..y For z £ {0, . . . , m} and n £ N, define maps ipn' 1 : — >• A by 

(3-13) = f)^ 1/2 ^«)(^ 1/2 . 
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for x G Mfe. For each i, the sequences {ipn )™=\ induce maps : — > A^. Further, by 
(I3.10p . we have (ej^) JL (en J ^) in fl A', so that i&W is a sum of Lj pairwise orthogonal 
cpc order zero maps and so is cpc and order zero. The condition (e„ ) _L (e4 M ) in Aoo C\A' 
also allows us to use (13. 8p to obtain 

(3-14) m { Hx),y]\\ < . max r \\[<f>r l(i Jx),y)\\ < e\\x\\, 

je{i,...,Li} 

for all i G {0, ...,m}, x G Mk, y G J 7 . For p G , we have p{4> Tlii 3) (lfc)) > 1 — £ as 

> P(et J)1/2 ^ (l , 3) (U)et J)1/2 ) 
= P(^ ) ^ (W) (1*)) 

= p(0 Ti( ^(l fc )) - p((l A - e^^ Jh)) 
(3.15) >(i_ e )_p(i A _4«)). 

Combining (I3.15P with ( 13. 1 2[) gives 



(3.16) liminf inf p(^\l k )) > 1 - e. 

For each i G {0, . . . , m}, take a lifting (0n )^=i of to a sequence of cpc order zero 
maps Mfc — > A. We claim that for n sufficiently large, the maps . . . , (J)^ satisfy the 
properties claimed in the statement of the lemma. Indeed, since 

sup \\^)( x )-^)( x )\\^0, 

x£M k 
\\x\\<l 

([PID gives 

\\[<Pn^),y}\\ < e\\x\\ 

for all n sufficiently large and for all i G {0, . . . , m}, x G M^, y G J 7 . By (I3.16p . we have 

(3.17) liminf inf p(0«(l fc )) > 1 - e, 

and so for all n sufficiently large we have 

p(4\l k )) > 1 - e, 

for all i G {0, . . . , m} and p G U^i ■ Since U^Lo ifci ^ = W), the result follows 
with z(p) = min{z : p G U^=i V }• ^ 

In the zero dimensional case, we immediately obtain uniformly tracially large order zero 
maps from the previous lemma. 

Theorem 3.6. Let A be a simple separable unital nuclear nonelementary C* -algebra with 
T(A) ^ and d e T(A) compact and zero dimensional. Then for each k > 2, A admits 
uniformly tracially large order zero maps Mk — > A^ fl A' . 
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Proof. Fix k > 2. Take a nested sequence (J r n )^L 1 of finite subsets of A whose union is dense 
in A. For each n, Lemma [3.51 gives a cpc order zero map <p n : — Y A with 

||[0n(aO,2/]|| < -|NI> 

for all y G T n and x G .1 //,.. and 

(3.18) r(0 n (l fc )) > 1 - - 

n 

for all r G 9 e T(A) and all n G N. By convexity, (13381 holds for all r G T(A) and n G N. Thus 
the sequence ((f) n )^_i induces a uniformly tracially large cpc order zero map $ : Mf. — Y A^OA 1 
by Lemma 12.31 □ 

Corollary 3.7. Let A be a simple separable unital nuclear nonelementary C* -algebra with 
T(A) 7^ and d e T(A) compact and zero dimensional. Suppose A has strict comparison, then 
A is Z-stable. 

Proof. This follows immediately from Theorems 12.61 and 13.61 □ 



4. Higher dimensional compact extreme boundaries 

In this last section we extend the previous work to higher dimensional compact extreme 
boundaries. The argument is based on the techniques developed in [24"t [25] . The starting 
point is to use the finite dimensional compact extreme boundary to obtain a finite collection 
of cpc order zero maps with a large tracial sum in the sense of Lemma H~T1 below. It is at this 
point in the argument where it is critical that we can obtain the family of order zero maps 
in Lemma [3.51 not just with large tracial sum but so that for each r G d e T(A) one member 
of the family is large in r. 

Lemma 4.1. Let m G PJ and let A be a simple separable unital nuclear nonelementary C*- 
algebra with T(A) ^ and d e T(A) is compact with dim(d e T(A)) < m. Then, for k > 2 
and any separable subspace X C Aoo, there exist cpc order zero maps . . . , : — Y 
Aoo n A' n X' such that 

m 

(4.1) r(5>«(l,)&) >t(6), 

for all r G T OQ (A) and all b G (A QO ) + . 

Proof. Fix k > 2 and a separable subspace X C A^. Let (y^)^ be a countable dense 
subset of C*(A,X) C A^ and lift each yW to a sequence (y { n)^ =1 in £°°{A). For n G N, 
define a finite subset of A by .F n = {y-m : 1 < i,m < n}. For each n, use Lemma 13.51 to 
obtain cpc order zero maps 4>n \ • • • , (f>n '■ — Y A with 

\\[^{xly]\\<-\\x\\, 
n 

for i G {0, . . . , m}, x G y G T n and n G N and such that for each p G d e T(A) and n G N, 
there exists i(p,n) with p(0n ( ' p ' n ^(lfc)) > 1 — 1/n. These maps induce cpc order zero maps 

. . . , 0( m ) : M k -> n A' n x'. 
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Consider p £ d e T(A). For n £ N, a £ A + with ||a|| < 1, we have 

m 

p(X>S?(U)«) >P(€ P ' n)) (Wa) 

= p(a)-p((U-0«^))(l fc ))a) 
>p(a)-p(U-^))(l fc )) 
(4.2) > p(a) - X -. 

By convexity, the estimate (14. 2 j) holds for all p £ T(A). Given a sequence (r n )^? =1 in T(A), 
a sequence (fr^^^ of positive contractions in A representing 6 £ Aqo, and a free ultrafilter 
w £ /3N \ N, taking limits in P~2~|) gives 

m 

hmr n f y2^ ] (lk)b n ) > limr n (6„). 

n— kj \ * » / n— >uj 

1=0 

That is 

m 

r(£><«>(l*)&) >r(6), 

i=Q 

for all t £ ^ (A) and all b £ (Ax,) + , verifying (14TH . □ 

Before proceeding, we extract a standard central sequence argument from [25]. Writing 
/3 = J-j- and following the proof of |25i Proposition 4.6] verbatim from equation (38) through 
to the 4th displayed equation on page 288 of [25J , one obtains the following lemma. 

Lemma 4.2. Let A be a separable unital C* -algebra, let X C be a separable subspace 
and let < < 1. Suppose that for each rj > 0, there exist orthogonal positive contractions 

4 0) , 4 X) m A oo n A' n X' 

r(4 i} 6) > 0r(b)-r] 

for i £ {0,1}, r £ T 00 (A) and contractions b £ C*(A, Jf) + . T/ien there exist orthogonal 
positive contractions S°\ S l > £ A^ nA'nX' with 

r{d {l) b) > 0r(b), 

for i = {0, 1}, r £ T^A) and contractions b £ C*(A, X) + . 

We can now use Lemma \A. II to establish a version of |25] Proposition 4.6]. Essentially the 
argument is the same as the deduction of (36) and (37) from (33) in [25], but since the maps 
arising in our proof have slightly different domains, we give the details for completeness. For 
< rji < 7/2, we denote by g mm the continuous piecewise linear function on R given by 

[ 1, t> r/ 2 ; 
(4-3) 9m,r*(t) = \^, Vi<t<r] 2 ; 

(0, t<Tlv 

Lemma 4.3. Given m > and k > 1 there is 1 < L m ^ £ N such that, given a simple 
separable unital nuclear nonelementary C* -algebra A with T(A) ^ such that d e T(A) is 



14 ANDREW TOMS, STUART WHITE, AND WILHELM WINTER 

compact with dim(<9 e T(^4)) < m, and a separable subspace X C A^, then there exist pairwise 
orthogonal contractions 

d m ,...,d ik) eA^nA'nx' 

such that 

T (d®b) > -*-r(&) 

l J m,k 

for alii e{l,...,k}, t e T^A) and b G C*(A,X) + C A m . 

Proof. When k — 1, we can take L m ^ = 1 and d^ = Ia^- We prove the statement when 
k = 2. Once the statement is established for k = 2, the general case follows by induction 
using exactly the same argument as in the last two paragraphs of the proof of [25, Proposition 
4.6]. 

Define L m ^ = 2(m + 1) and fix a separable subspace X C A^. By Lemma T4.14 there exist 
cpc order zero maps <j^ Q \ . . . , (j)^ : M 2 ( m +i) — > ^4oo H A' D X' such that 

m 

(4.4) T(j2<f> {i) (h( m+ i))b) >r(b), 

i=0 

for all b G (A OQ ) + and r G T 00 (A). For contractions b G C*(A, X) + , the maps <p^\-)b are cpc 
and order zero, so r(0w(-)fo) is a trace on M 2 ( m+ i), [26| Corollary 4.4]. Thus 

r{<P {l \ei l )b) = —^— -r(^\h m )b), 
2{m + 1) 

for all i G {0, . . . , m}, all contractions 6 G C*(A, X) + and all r G Too (A). Summing over i, 
we have 

(4.5) T (E^'(en)6) = .(^(l^) > ^^t), 

for all b G C*(A,X) + and all r G T^A). 
For 7] > 0, define 

i=0 i=0 

so that c^ " 1 and are pairwise orthogonal positive contractions in A^ f) A' f) X' . We have 
df + tjU > Y."U<P { "(eu) so UM gives 

(4.6) m%) > w^-rfio) - 1. 
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for contractions b G C*(A, X) + and r G T^A). For a contraction b G C*(A, X) + and 
r G Too (A) we have 



r((U oo -4 1) )&) = r(^(^0«(e 11 ))& 

<tax((^/->(e u )) 6 

i=0 

m 

(4.7) <^limr((0«(e 11 )) 1/i fe) 



' 2— >oo 
i=0 



^limr((0«) 1 /'( eil )6) 

* — • 2— >oo 



i=0 



(4.8) =S ta^- TTy x((0«)V' ( l 2(m+1) ) 6 ) 

i=o v 1 y 

< 49 > 5 2(mTT) = ^ 

Here (14.7ft uses the fact that (X^o 0^( e u)) — Si=o(<^( e ii)) m the Cuntz semigroup 
Cu(C*(0^ i - ) (eii) : i = 0, ...,m)) and a H- lim^oo r(a 1 /'6) is a dimension function on 
C*O w (en) : % = 0,...,m) C A^n A' C\ X'. The equality (USD follows as for each % 
and I, the map r((0W) 1 /'(-)6) is a trace on M2( m +i), [26, Corollary 4.4]. The estimate ( 14. 9 h 
gives 

(4.10) M%)> (l-I)r(6) = ^r(6) 

for all r G T^A) and 6 G C*(A,X) + . 
Thus 

for % = 0, 1, r G T^A) and contractions 6 G C*(A, X) + . As such the k = 2 case of the 
lemma follows from Lemma 14.21 □ 

Combining the previous two lemmas we obtain order zero maps — > A^ R A 1 which are 
nowhere small in trace in the presence of compact finite dimensional extremal boundary. 

Proposition 4.4. Given m > there is < a m < 1 such that, given k > 2, a simple 
separable unital nuclear nonelementary C* -algebra A such that T(A) ^ and d e T(A) is 
compact with dim(d e T(A)) < m, and a separable subspace X C A^, there exists a cpc order 
zero map $ : — » A^, HA'dX' such that 

r($(l fc )&) > a m r(b), 

for all t G T^ (A) and b G C*(A,X) + C A^. 

Proof. Fix m > 0, k > 2 and a separable subspace X C Aqo- Suppose that A is simple 
separable unital nuclear with T(A) ^ and d e T(A) compact and with dim(<9 e T(A)) < m. 
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By Lemma [4. 1[ there are cpc order zero maps 4>^\ . . . , (f)^ : My, — > A^ D A' C\X' with 

m 

(4.11) r(j2^iWb) >r(b), 

for all r G T^A) and all b G (v4oo) + . By Lemma [4.31 there exists L mm+ i G N and pairwise 
orthogonal contractions $® , . . . , in A^ nA'DX'H (span{0W (M fc ) : z = 0, . . . , m})' such 
that 

(4.12) r{d { %) > — r(6), 

for all i G {0, . . . , m}, b G C*(A, X, (i) (M fc ) : j = 0,...,m)+ and r G T^A). 
Define $ : M fc -)■ A^ fli'n X' by 

m 

$( X ) = ^0«(x)rf W . 

i=0 

This is cpc and order zero as the d (i) 's are pairwise orthogonal and commute with the image 
of the 0( J )'s. Given a contraction b G C*(A,X) + and r G T^A), we have 

m 

T^(l k )b) = r^J2^ ) (Wd (i) b) 

i=i 

(4.13) >- r(X>»(l*)&) 

(4.14) > -J— r(6), 

where (14. 13ft follows from (14. 12ft and (14.14ft from (14.11ft . Thus we can take a m = L 1 . □ 

A geometric sequence argument in the spirit of [241 [25] can be used to obtain uniformly 
tracially large order zero maps from Proposition 14.41 The proof we give below uses the 
estimates from the geometric series argument in | [25| Lemma 5.11] but we simplify the calcu- 
lations a little by taking a maximality approach. We work abstractly from the conclusion of 
Proposition 14.41 and so begin by noting that this implies the conclusion of Lemma 14.31 We 
continue to use the functions g m , V2 defined in (14. 3p . 

Lemma 4.5. Let k > 2 and suppose A is a separable unital C* '-algebra with the property that 
there exists a > with the property that for all separable subspaces X C Aoo, there exists a 
cpc order zero map $ : Mj, — > A^ HA'dX' such that 

(4.15) r($(l fc )6) > ar(b), 

for all t G Too(A) and b G C*(A, X) + C A^. Then A admits uniformly tracially large cpc 
order zero maps — > A^ fl A'. 

Proof. Fix k > 2. First note that the hypothesis gives that there exists some 7 > with the 
property that for any separable subspace X C A^, there exist pairwise orthogonal positive 
contractions d (0) , d^ G A°° n A' n X' such that 

(4.16) T(d (i) b) > 7 r(6) 
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for i = {0,1}, r G T 00 (A) and 6 G C*(A, X) + C A^. Indeed, one can take a cpc order 
zero map $ : M k -> fli'lH' satisfying (|4.15|) . For a contraction 6 G C*(v4, X) + , $(•)& 
defines a cpc order zero map on M k so that r($(-)6) is a trace on for each r G Too (A) 
( [261 Corollary 4.4]). As such 

r(He)b) = ^\rm k )b) > ^\ar(b) 

for all e G (M fc )+, r G T^A) and 6 G C*(A,X)+. Taking rfW = $( e «) f or a pa i r e (o) j6 (i) Q f 
orthogonal projections in M k of normalized trace at least 1/3 we can take 7 = a/3. 

Let « > be the supremum of all a > with the property that for each separable 
subspace X C A^, there exists a cpc order zero map $ : M k — >■ D i' fl J' satisfying 
f l4.15p . We must prove that ao = 1, so suppose to the contrary that < cto < 1. Fix a 
separable subspace X C and take £ > such that 

(4.17) ai = ((l - (a - («o - 3e) + (a - 2)7) > «o- 
Find a cpc order zero map $0 : M k — > V\ A' C\X' such that 

(4.18) r($ (l*)&) > (ao-e)r(6) 

for all r G Too (A) and 6 G C*(A,X) + C A^. Find pairwise orthogonal contractions 

S°\ d {l) g Aoo nA'ni'n $ (M fe )' such that 

(4.19) r(dW/(^o)(H)6) > 7r(/($o)(U)&) 

for i = {0, 1}, / G C o (0, 1], r G Too(A) and b G C*(A, X) + . 
Define 

$l(0 = fe,3 £ (^o)(0 + ^ (0) (<7 £ ,2 £ - <?2 £ ,3 £ ) ($ O )(0- 

This is certainly cpc. To see that $! is order zero, note that for x G {M k ) + we have 

$l(a?) < 9e,2e{%){x) 

as commutes with C*(<&o(Mfc)). Given e, / G (Mfc)+ with e/ = 0, we have 

^ 2£ ($o)(e) 1 / 2 ^ 2£ ($ )(/) 1/2 = 0. 

As $i(e) 1 / 2 < 5 , e ,2e( < ^ ) o)( e ) 1//2 ) there exists a sequence (z m )m=i °f contractions in A with 
2; m (yf e2£ ($o)( e ) 1 ^ 2 ~~ ^ $i(e) 1 / 2 (see [7, Lemma A-l]). Similarly there exists a sequence of 
contractions (w m )m=i m ^ with g e ,2e{^o){f)^ 2 w m — >■ "^(J) 1 / 2 . As such 

*i(e)$i(/)= lim ($ 1 ( e ) 1 / 2 z m ^ 2£ ($ )(e) 1 / 2 ^ 2£ ($o)(/) 1/2 Wm $i(/) 1/2 ) =0. 

Define 

= (<?o, e - to) ($o)(lfc) + (Iao,, - <M$o)(l*))- 

We have d« _L and - to) ( $ o)(U) i- ^ £ ,3 £ ($o)(U) so that 

(^o, e -to) ($o)(l*) -L$i(U). 

Also (l Aoo - (7o, £ ($o)(lfc)) i- ^i(ljfe) so that /i JL ^(l k ). 

Now use the hypothesis again to find a cpc order zero map $2 : M k — >■ Aqo nA'flX'n {/i}' 
such that 

r($ 2 (lfc)^) > (a -£)r(/i&) 
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for all b G C*(A,X) + and r G T^A). The estimate flCTj) gives 

T($ 2 (l k )hb) > (a -e)r(hb) > (a - e) ( 7 r ((<7o, e - <? £ , 2£ )($o)(U)&) 

+r((lA»-M*o)(U))6)) 

(4.20) > (a - ^)7r((U 00 - <fe )2e ($o)(lk))&) 

as 7 < 1. 

Define * : M k -> fli'lU' by = $i(x) + § 2 (x)h. This is cpc and order zero as 
$i(-) and $2(0^ are C P C ari( i or der zero with orthogonal ranges. Then for b G C*(A, X) + , 
we have 

r(*(l fc )6) = r($i(l fc )6) + r($ 2 (l fc )/i6) 

> r(( fe)3£ ($o)(lfc) + ^ (0) (^,2 £ - fe l3e )(^o)(lfc))6^ 
+ (ot - £)7r((U 00 - & )2e ($o)(lfc))&) 

~ 92e,3e (*o)(l*))&) 

(4.21) = (1 - (a - e)T)rfe 2ei 3 e (^o)(lfc)6) + (<*o - e)rr(6) 

using (I4.19p . (I4.20P and the crude estimate (a - e) < 1. As #2 £ ,3 £ ($o)(lfc) > $o(lfc) - 2el^, 

( HUD g ives 

r(^ 2e ,3 B ($o)(lfc6)) > (a -3e)r(6) 
for all 6 G C*(A, X) + . Combining this with (I4.2ip gives 

r(*(l fc )6) > ((1 - (a - e) T )(ao - 3e) + (a - e) T )r(6) = a lT {b) 

for all 6 G C*(A, X) + . The choice of e in (I4.17P ensures that a,\ > a , giving the required 
contradiction. □ 

Theorem 4.6. Let A be a simple separable unital nuclear nonelementary C* -algebra with 
T(A) 7^ and d e T(A) compact and dim(d e T(A)) < 00. Then for each k > 2, A admits 
uniformly tracially large cpc order zero maps M k — > A^ fl A' . 

Proof. This follows from Proposition 14.41 and Lemma 14.51 □ 

Corollary 4.7. Let A be a simple separable unital nuclear nonelementary C* -algebra with 
T(A) 7^ and d e T(A) compact and dim(d e T(A)) < 00. If A has strict comparison, then A 
is Z-stable. 

Proof. This follows from Theorems 12.61 and 14.61 □ 



Acknowledgements. Part of the research leading to Section H] of this paper was carried 
out at the BIRS workshop 'Descriptive set theory and functional analysis' in June 2011. 
We would like to record our gratitude to BIRS for the simulating research environment. 
We would also like to thank Taylor Hines for his careful reading of an early version of this 
manuscript. 



Z-STABILITY AND FINITE-DIMENSIONAL TRACIAL BOUNDARIES 



19 



REFERENCES 

[1] Erik M. Alfsen, Compact convex sets and boundary integrals, Springer- Ver lag, New York, 1971, Ergeb- 

nisse der Mathematik und ihrer Grenzgebiete, Band 57. 
[2] Alain Connes, Classification of injective factors. Cases Hi, 11^, III\, A ^ 1, Ann. of Math. (2) 104 

(1976), no. 1, 73-115. 

[3] Joachim Cuntz and Gert K. Pedersen, Equivalence and traces on C* -algebras, J. Funct. Anal. 33 (1979), 
no. 2, 135-164. 

[4] Marius Dadarlat and Andrew Toms, Ranks of operators in simple C* -algebras, J. Funct. Anal. 259 
(2010), 1209-1229. 

[5] Kenneth R. Goodearl, Partially ordered abelian groups with interpolation, Mathematical Surveys and 
Monographs, vol. 20, American Mathematical Society, Providence, RI, 1986. 

[6] Uffe Haagerup, All nuclear C* -algebras are amenable, Invent. Math. 74 (1983), no. 2, 305-319. 

[7] David Handelman, Homomorphisms of C* algebras to finite AW* algebras, Michigan Math. J. 28 (1981), 
299-240. 

[8] Barry Johnson, Approximate diagonals and cohomology of certain annihilator Banach algebras, Amer. 

J. Math. 94 (1972), 685-698. 
[9] , Cohomology in Banach algebras, American Mathematical Society, Providence, R.I., 1972, Mem- 
oirs of the American Mathematical Society, No. 127. 

[10] Eberhard Kirchberg, Central sequences in C* -algebras and strongly purely infinite algebras, Operator 
Algebras: The Abel Symposium 2004, Abel Symp., vol. 1, Springer, Berlin, 2006, pp. 175-231. 

[11] Eberhard Kirchberg and N. Christopher Phillips, Embedding of exact C* -algebras in the Cuntz algebra 
2 , J. Reine Angew. Math. 525 (2000), 17-53. 

[12] Eberhard Kirchberg and R0rdam, Central sequences of C* -algebras and tensorial absorption of the 
Jiang-Su algebra, Preprint, 2012. 

[13] Akitaka Kishimoto, The Rohlin property for shifts on UHF algebras and automorphisms of Cuntz alge- 
bras, J. Funct. Anal. 140 (1996), no. 1, 100-123. 

[14] Huaxin Lin, Simple nuclear C* -algebras of tracial topological rank one, J. Funct. Anal. 251 (2007), 
601-679. 

[15] Terry A. Loring, Lifting solutions to perturbing problems in C* -algebras, Fields Institute Monographs, 

vol. 8, American Mathematical Society, Providence, RI, 1997. 
[16] Hiroki Matui and Yasuhiko Sato, Z-stability of crossed products by strongly outer actions, Comm. Math. 

Phys., in press. larXiv:0912.4804| 2009. 
[17] , Strict comparison and Z -absorption of nuclear C* -algebras, Acta. Math., in press. 

larXiv:llll.i637V l. 2011. 

[18] Dusa McDuff, Central sequences and the hyperfinite factor, Proc. London Math. Soc. (3) 21 (1970), 
443-461. 

[19] Alan R. Pears, Dimension theory of general spaces, Cambridge University Press, Cambridge, England, 
1975. 

[20] Mikael R0rdam, The stable and the real rank of Z -absorbing C* -algebras, Internat. J. Math. 15 (2004), 
no. 10, 1065-1084. 

[21] Yasuhiko Sato, The Rohlin property for automorphisms of the Jiang-Su algebra, J. Funct. Anal. 259 
(2010), no. 2, 453-476. 

[22] , Discrete amenable group actions on von Neumann algebras and invariant nuclear C* -algebras, 

larXiv:1104.4339 vl. 2011. 

[23] , Trace spaces of simple nuclear C* -algebras with finite- dimensional extreme boundary, preprint, 

larXiv:1209.3000l 2012. 

[24] Wilhelm Winter, Decomposition rank and Z-stability, Invent. Math. 179 (2010), no. 2, 229-301. 

[25] , Nuclear dimension and Z-stability of pure C* -algebras, Invent. Math. 187 (2012), no. 2, 259- 

342. 

[26] Wilhelm Winter and Joachim Zacharias, Completely positive maps of order zero, Minister J. Math. 2 
(2009), 311-324. 



20 



ANDREW TOMS, STUART WHITE, AND WILHELM WINTER 



Andrew Toms, Department of Mathematics, Purdue University, 150 North University Street, 
West Lafayette, IN 47907, USA. 
E-mail address: atoms@pudue.edu 

Stuart White, School of Mathematics and Statistics, University of Glasgow, University 
Gardens, Glasgow Q12 8QW, Scotland. 
E-mail address: stuart.white@glasgow.ac.uk 

Wilhelm Winter, Mathematisches Institut der WWU Munster, Einsteinstrasse 62, 48149, 
Munster, Germany. 

E-mail address: wwinter@uni-muenster.de 



